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Abstract 

We introduce a particle mechanics model with Sp(2M) gauge invariance. Dif- 
ferent partial gauge-fixings by means of sl(2) embeddings on the gauge algebra lead 
to reduced models which are invariant under diffeomorphisms and classical non- 
linear W-transformations as the residual gauge symmetries thus providing a set of 
models of gauge and matter fields coupled in a W-invariant way. The equations of 
motion for the matter variables give Lax operators in a matrix form. We exam- 
ine several examples in detail and discuss the issue of integration of infinitesimal 
W-transformations. 
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1 Introduction 



Extended conformal symmetries play an important role in two-dimensional con- 
formal field theories, 2d gravity models and integrable hierarchies of non-linear dif- 
ferential equations. The study of non- linear extensions of the Virasoro algebra with 
bosonic conformal primary fields was first developed by Zamolodchikov Such alge- 
bras are known as W-algebras for recent reviews on W-algebras see |3|. Classical 

W-algebras are obtained by a contraction of W-algebras through a c — > oo, ?i — > 
limit, keeping he constant. Two methods have enjoyed much success to construct these 
algebras: the Drinfel'd-Sokolov (DS) Hamiltonian reduction for Kac-Moody current 
algebras @, |, |, § and the zero-curvature approach [Q, ^, pT| . 



The Kac-Moody Hamiltonian reduction consists in introducing a set of first-class 
constraints in the space generated by the affine currents J°'{x) equipped with the Kac- 
Moody Lie-Poisson bracket: 

{r{x), J\y)}^^ = r'c n^) -y) + ^r' ojix - y). (1.1) 

Here gab is proportional to the Cartan-Killing metric and f^^^ are the structure con- 
stants of the underlying Lie algebra Q. These constraints generate gauge transforma- 
tions on the restricted space due to its first-class nature. This gauge freedom is fixed 
by introducing a second set of constraints and so a Dirac bracket can be defined on the 
reduced space. The Dirac bracket algebra on this space is the (classical) W-algebra. 
The choice of the whole set of constraints is inspired by the different inequivalent sl(2) 
embeddings into Q. 

The Kac-Moody currents generate infinitesimal transformations on the original 
space via the Poisson bracket ( |1.1D : 

5af{x) ^ J dyeaiy) {f{y),r(.^)}KM- (1-2) 

These are the infinitesimal Kac-Moody transformations. After the reduction the re- 
maining currents generate infinitesimal transformations on the reduced space via the 
Dirac bracket in a similar way: the infinitesimal (classical) W-transformations. 

The zero-curvature approach starts with a ^-valued field A(x) = A"'{x)Ta {Ta form 
a basis of Q) transforming a la Yang-Mills: 

5A = /3-[A,/3], (3{x) = l3%x)Ta, (1.3) 

where I3°'{x) are infinitesimal parameters. By means of a sl(2) embedding into Q the 
components of A are partially constrained. The residual transformations preserving 
these constraints are the classical W-transformations. 

Both approaches are equivalent since (|1.2D becomes (|1.3|) once A(t) is identified 
with the Kac-Moody holomorphic current J{x), but the second one circumvents the 
language of Poisson manifolds. 
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In this paper we want to analyze classical W-symmetries in the context of particle 
mechanics within the zero-curvature approach. Specifically we present a model contain- 
ing gauge and matter degrees of freedom ||l^. The transformations of the model are 
( |1.3| ) for the gauge variables and ^ is a sp(2M) algebra. We call ( |1.3| ) gauge transforma- 
tions because they emerge from the study of the constraint structure in the phase space 
of the particle mechanics model itself, therefore the word gauge here and throughout 
the rest of the paper should be distinguished from what is usually called gauge trans- 
formations in the context of the Kac-Moody Hamiltonian reduction described above. 
According to the previous discussion, after partially fixing this gauge freedom by means 
of a sl(2) embedding we get a model which exhibits infinitesimal transformations asso- 
ciated with any of the classical W-algebras obtainable from the C„ series of Lie algebras 
via the DS reduction. Furthermore, the equations of motion of the matter variables 
give rise to the DS equations associated with those W-algebras. We therefore obtain 
such equations in a dynamical context. The corresponding Lax operators are given as 
M X M matrices. 

Models exhibiting W-symmetries associated with other series of Lie algebras can be 
also constructed within this framework. For instance, if we consider some embeddings 
of the sl(A^) into the sp(2A'^) algebras, we obtain the transformation laws and DS 
equations associated with the Ajy^i classical W-algebras. 

The organization of the paper is as follows. In sect. 2 we formulate the Sp(2M) gauge 
particle model for general M. In sect. 3 we consider the Sp(2) model as the simplest 
example and show how reparametrization invariance arises in our model. We also study 
the finite gauge transformation leading to the finite diffeomorphism invariance of the 
model. In sect. 4 we study the Sp(4) action with its three possible partial gauge-fixings 
corresponding to the three inequivalent sl(2) embeddings in sp(4). We integrate the 
gauge transformations for one of the three models (sect. 4.1) and perform secondary 
reductions of it, ending up with systems exhibiting the non-local matrix algebra V2,2 
[]l3| and the local W(2,4) algebra which is also associated with the principal sl(2) 
embedding model (sect. 4.2). In sect. 5 we analyze how W3 and W3 invariant models 
can be obtained as reductions of a sl(3) embedding in the Sp(6) gauge particle model. 
Some comments and discussions are addressed in the last section. 

We also include two appendices: one about sl(2) embeddings and DS reductions 
and the other about finite transformations of the Sp(2M) model before performing the 
gauge- fixing. 

2 Particle model with Sp(2M) symmetry 

Let us consider a reparametrization-invariant model of M relativistic particles with 
a Sp(2M) gauge group living in a Minkowskian d-dimensional space-time fl^ . The 
dimension d satisfies d > 2M + 1 so the constraints do not trivialize the model. The 
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canonical action is given by 

S = J dt (piXi - Xa^^cPa,^) , i,j = l,...,M, A = l,2,3. (2.1) 

The variable x^(t) is the world-line coordinate of the i-th particle and pf{t) is its 
corresponding momentum. The Lagrange multipliers Ayi.^ (i) implement the constraints 
(f'Ai = and satisfy 



The explicit form of (pAij is 

1 



hi J =PiXj and 



(2.2) 



These 2M^ + M constraints close under the usual Poisson bracket {xi,pj} = 5ij giving 
a realization of the sp(2M) algebra. 

It is useful to introduce a matrix notation for the coordinates and momenta of the 
particles 

/ PI \ 



R 



r 
P 



with 



\ XM ) 



P 



(2.3) 



V PM J 



The conjugate of R is given by 



where J2M is the 2M x 2M symplectic matrix 



-1 

can be written in a form of 2M x 2M symplectic matrix 

' B A \ 



A 



-C -B 



(2.4) 

The Lagrange multipliers 
(2.5) 



where the components of the M x M matrices A, B, C are the Lagrange multipliers 
Ai,,, A3,,, respectively. 

The canonical action (|2.1| ) can be written in a matrix form as 



S = J dt-RVR, 



(2.6) 



where P is the covariant derivative 



P = — - A. 

dt 
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In this formulation the gauge invariance of the action is expressed in a manifestly 
invariant form of Yang- Mills typeQ with the gauge group Sp(2M) 0: 

6R = pR, (2.7) 

6A = P-[A,f5], (2.8) 
where /3 is the 2M x 2M matrix form of gauge parameter 

and the components 13b, Pc s-^'s the M x M matrices associated with the constraints 
, 4'2ij , (pSij ■ The equations of motion of the matter fields are 

VR = R-AR = 0. (2.10) 



The infinitesimal transformation law ( |2.q ) is the compatibility condition of the pair 
of equations (H^) and ( ^) : 

= [(5 - (3),V]R = -{6A - /3 + [A, (3])R, 

and it can be regarded as a zero-curvature condition. The presence of a zero-curvature 
condition allows us to apply the 'soldering' Q procedure to reduce the original symme- 
try of the model to a chiral classical W-symmetry by means of a partial gauge-fixing of 
the A fields. In appendix A we review this reduction method and display the criteria 
for choosing the gauge-fixing. 

It is useful to express the model in terms of the Lagrangian variables. If we write 
the momenta p in terms of the Lagrangian variables 

p = A-^{r - Br) = K, (2.11) 

the action is now rewritten as 

S = J dt^ (k^AK - r^Cr) . (2.12) 

The gauge transformations become 

5r = I3aK + (3Br, <5A = /? - [A, /?] . (2.13) 

A characteristic feature of these Lagrangian transformations is that the algebra is open, 
except for sp(2), 

[<5i, <52] r = 5p*T - (/3JU-V? - /3i'U-i/3j))[L]„ 



^For a previous discussion of geometrical models with Yang-Mills gauge theories see 
^The supersymmetric version has been studied in 
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[61,62] A = Sp* A, (2.14) 

where P* = [(3^'^\ P^^^] and [L],. is the Euler-Lagrange equation of motion of r. There 
are two reasons for the appearance of an open algebra: 1) the transformations of the 
momenta at the Lagrangian and Hamiltonian level do not generally coincide, 2) there 
are more than one first-class constraints quadratic in the momenta. 

In order to close the gauge algebra we introduce M auxiliary vectors {Fi, . . . , Fm) 
and modify the transformation law of the coordinates r as 

6r = (3a{K + F) + Pbt. (2.15) 

The transformation of F is determined by the condition that K + F transforms as p in 
the Hamiltonian formalism. Explicitly we get 

6F = -A-^ [(5Adt{K + F) + PaB'^ {K + F) + {5A - (3bA)F + PaCt] , (2.16) 

while the transformation of A remains unchanged 

5A = $-[A,I3]. (2.17) 

The new algebra closes off-shell. 

The invariant action under the modified gauge transformations is 

S = J dt^ (k^AK - r^Cr - F'^ AF^ . (2.18) 

The redundancy of the auxiliary variables F is guaranteed by the action itself which 
implies -F = as the equation of motion. 

This action is also invariant under one-dimensional diffeomorphisms (Diff) — t 
reparametrizations — , which can be obtained from the above gauge transformations 



by the change of gauge parameters given in eq. ( |A.10D : 



13 = P + eA + eH, (2.19) 

where H is an arbitrary element of the Cartan subalgebra of sp(2M). 

The Diff transformations of the fields are given by (see appendices A and B for a 
derivation) : 

6A^ = eAT + (1 + Ea(a, l)~ka)eA"', = eA" + eA° + ^„e, 

S^r = er + eNr, 6eF = eF - eNF. 

These Diff transformations may be regarded as realizations of the Virasoro group gen- 
erated by (improved) Sugawara energy- momentum tensors. The freedom in choosing 
the different Virasoro realizations is reflected in the arbitrariness of the constants. 
When all of them are zero we obtain the usual realization with all the gauge fields hav- 
ing conformal weight equal to one. The f3 transformations are the same as in ( 2.15| ), 
( 2.16| ) and ( |2.17| ) with /3a, Pb and Pc replaced by Pa, Pb and Pc- 
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Once we perform a partial gauge- fixing of the A matrix induced by a sl(2) embedding 
on sp(2M), the remnant A fields will remain primaries or quasi-primaries. On the other 
hand, the matter and auxiliary variables will not in general transform as primary fields 
after the gauge-fixing. This gauge-fixing procedure will be explicitly shown in the 
next sections by considering several examples. The general discussions are given in 
Appendices A and B. 

3 W2 model and finite gauge transformations 



Let us now study a particle model with sl(2) gauge symmetry [^] and show how 
reparametrization invariance appears in our model. Being sl(2) ~ sp(2) we shall con- 
sider the model introduced in the previous section, specialized to M = 1. In this case 
the Lagrangian gauge transformations close off-shell and no auxiliary variables have to 
be introduced. We will also construct the finite form of the residual diffeomorphism 
transformations from the knowledge of the finite transformations before the gauge- 
fixing. This may be a useful procedure when direct integration of the infinitesimal 
residual gauge transformations cannot be performed in a simple way. 

First let us write down the model explicitly. It is described by the first-order action 



(|2.1|) with gauge transformations (^J) and (2.8), where R, A and /? are given by 



After the elimination of p via its equation of motion the action reads 
S= f dt 



1 / • \ \2 -^3 2 
— — X — AoX) X 

2Ai ^ 2 . 



(3.1) 



and the gauge transformations are 



5x = (32X + ^{x - X2X), 
Ai 

5Ai =/3i + 2Ai/32-2A2/3i, 
6X2 = $2 + - 

6X3 = p3 + 2A2/33 - 2A3/32. (3.2) 

The gauge algebra still closes off-shell. That is because, as we have mentioned in section 
2, Lagrangian open algebras can only occur in theories which possess more than one 
constraint quadratic in the momenta. 

Let us now study the issues of partial gauge-fixing and remnant gauge transforma- 
tions along the lines of appendix A. We can rewrite the matrix of Lagrange multipliers 
A as 

A = XiE+ + 2X2h - 2X3E_, 
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which defines the embedding of sl(2) in sp(2). In this simple case the space of remnant 
fields is generated by alone: Gw = Keradi?- = the remnant parameter 

belongs to Ker adE^ and the gauge-fixing is given by 

Ai = l, A2 = 0, A3 = A. (3.3) 

The associated partially gauge-fixed action is 

5pgf = / - Ay) , (3.4) 

which produces the matter equation of motion 

x + \x = 0. (3.5) 

This is precisely the DS equation Lx = where L is the standard KdV operator. 

The existence of a diffeomorphism symmetry sector — the only remnant symmetry 
in this model — can be shown by changing gauge parameters according to ( p. 19 ). In 
the present case TC n Gw = {0}. Hence no arbitrary constants ki can be introduced. 
The redefinition ( 2.1S| ) is here, in components, 

f3i = e, (32 = a, p3 = p + Xe. (3.6) 



If the partial gauge- fixing (3^) is imposed then the remnant transformations are 
parametrized by e and the other parameters are written in terms of it: 



Using ( |3.3| ), (|3.6| ) and (3/7) in (|3.2| ) one shows that the remnant transformations are 
indeed (world-line) diffeomorphisms: 

6x = ex — ^ex, 
SX = €X + 2e\ + ^e. (3.8) 

These infinitesimal transformations can be integrated directly to give their standard 
finite forms 

x'{t) = ifr^'xifit)), 

X'{t) = iffXifit)) + L±^SIL. (3.9) 

^ (/) 

Now we present an alternative way to find the previous finite transformations. We 
will find the finite form of the residual transformations from the finite gauge transfor- 
mations obtained before imposing the partial gauge-fixing conditions. First we consider 
a redefinition of the gauge parameters that shows the diffeomorphism invariance before 
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the gauge- fixing. Next we find the finite form of these transformations. Finally we 
impose the gauge conditions. In this way we obtain the finite form of the remnant 
transformations from the finite form of the transformations before the gauge-fixing. 
Before imposing the gauge-fixing condition let us introduce the following change in 



the gauge parameters (|2.19[) 



/5i 



Aie, 

cr -I- A2e, 
p + Ase. 



(3.10) 



The gauge transformations 

6x 

SX3 



in terms of these new parameters read: 
ex + ax, 

eXi + eXi + 2aXi, 

eX2 + eX2 + a + pXi, 

eAs -I- eAs - 2a X3 + p + 2/9 A2. 



(3.11) 



The e transformation is just a world- line reparametrization where x transforms as a 
scalar and the Lagrange multipliers transform as vectors. The weights of x and A under 



reparametrization (3.11) are different from the ones of after the gauge- fixing ( |3.8| ). In 
the latter the variable x is no longer a scalar and A transforms as a weight-two tensor 
with a "central extension" term. 

The finite forms of the new transformations ( p. 11 ) are found for each e, a and p 
transformations: 



Reparametrizations 



x'{t) = x{f{t)), 

Kit) = fit) Xaifit)), a 



1,2,3. 



(3.12) 



Local scale transformations 



„2cr 



e X, 



Ai, A2 



A2 -l- a, Ao 



-2a \ 



(3.13) 



Local redefinition of Lagrange multipliers 



X'l — Ai, A2 



X, 

X2 + pXi, 



A'3 = A3 + 2pA2 + Aip2 



(3.14) 



Now we impose the gauge-fixing condition ( |3.3| ). Notice that ( 3.10 ) reduces to ( ^ ) 
on the gauge-fixing surface. Any arbitrary configuration in the gauge orbit can be 
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realized using a composition of the above finite transformations with generic functions 
f{t), a{t) and p{t). If we consider the following composition 



□ ^ A ^ =□, 



the complete finite transformation is given by 



X = e'^(^W)x(/(t)), 
Ai = /(t)e2-(/W)Ai(/(t)), 

A2 = /(t)[A2(/(t)) + p(/(t))Ai(/(t)) + d(/(t))], 

A3 = /We-^'^(^(*»[A3(/(t)) + p(/(t)) 

+2/,(/(t))A2(/(t)) + Ai(/(t))p2(/(t))l . (3.15) 



Imposing the gauge-fixing conditions (3.3) on these transformations we obtain the finite 



form of the conditions ( |3.7] ) for the finite gauge parameters: 

a{t) = -^InfirHt)), Pit) = -a{t). (3.16) 

Using this restriction in the composition of finite gauge transformations ( |3.15| ) we arrive 
at the finite residual transformations ( |3.9D . The interesting point here is that we have 
been able to integrate the infinitesimal transformations (^^) without actually doing it. 

4 Sp(4) models 



Here we will consider the Sp(4) model. In order to obtain W-transformations we 
need to introduce the appropriate gauge-fixing. For sp(4) we have three different classes 
of sl(2) embeddings (see appendix A) which will lead to three different gauge-fixings. 
Notice that not every element of these equivalence classes will produce a gauge-fixed 
model written in terms of coordinates and velocities. Only those that produce a non- 
singular matrix A after the gauge- fixing will have this property (see ( ^.11 )). 



We will examine these three embeddings using the following labeling of gauge pa- 
rameters: 



4.1 (0, 1) embedding 

Consider the gauge-fixing induced by the sl(2)-embedding with characteristic (0, 1) 
given by ( A.22| ). The remnant fields after the gauge-fixing are T, C, G and H. Explicitly 
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the gauge-fixing is given by 



Ar 



( H 

C 
\ ^ 

\ 2 




-H 

T 
2 

G 




1 

-H 




1 \ 




H / 



(4.2) 



In this gauge the action ( |2.1| ) becomes 

S = j dt (xi - i/xi)(i:2 + Hx2) + ^ (Cx? + TxiX2 + Gx^) - FiF^ 
The equations of motion for the matter variables from this action are: 




-( 



C 



+ It 



G 




0. 



(4.3) 



(4.4) 



These can be regarded as the DS equations for this embedding. The corresponding Lax 
operator is given in a 2 x 2 matrix form. 

There are four residual gauge transformations. The remnant parameters live in 
kerad£'+ and are /3io, fi^, P2 and (3^ — (5^. The change given by eq. ( p. 19 ) yields the 
following redefinition of these parameters after the gauge-fixing: 



h = /?2, $b = f35, e = f3w, 
a:=P3-P6 = P3-P6- 2eH - ke. 



(4.5) 



Here k = ^(ka — kp) is an arbitrary constant. We keep it to stress a freedom in choosing 
the weight of the fields, though it could be absorbed into the definition of a. 
The four residual transformations are: 



»e-sector (Diff). 



eH + He + |e, 



6H 

6C = eC + {2 - k)Ce, 
6x1 = exi + ^{k — l)xie, 
SFi = ePi - \{k - l)Fie, 



6T = eT + 2eT-e, 
5G = eG + {2 + k)Ge, 
5x2 = £^2 - l{k + l)x2e, 
5F2 = eF2 + Uk + 1)F2€. 



(4.6) 



In the transformations of matter and auxiliary variables we have introduced an anti- 
symmetric combination of the equations of motion (see eq. (|B.2| )). 

The matter and auxiliary variables xi, X2, Fi and F2 transform as primary fields 
under diffeomorphisms with weights ^{k — 1), —^{k + 1), ^(1 — k) and ^(1 -|- k) re- 
spectively. The gauge variables C and G transform also as primary fields with weights 
2 — k and 2 + k. Instead, T is a quasi-primary field with weight 2 and H transforms 
as a field of weight 1 with a e term. 



11 



•a-sector (Dilatations) . 

SH = ^a, 6T = 0, 6C = -aC, SG = aG, 
Sxi = ^axi, 6x2 = ~ax2, SFi = ~aFi, 5F2 = ^aF2. (4.7) 

•/32(= /32)-sector. 

dH = ^CI32, 6T = P2{C-2CH) + 2P2C, 6C = 0, 

SG = /32(4iJ^ - 2HT - 6HH +^t + H)- $2iGH^ -T-3H) + 3Hp2 - ^'^2: 

5X1 = P2{2HX2 + X2) - ^X2$2 + /32i^l, Sx2 = 0, 

6Fi = 0, SF2 = -132 (A - [Ll,) - ^$2Fi. (4.8) 

*P5{= /35)-sector. The residual fj^ transformations can be obtained from the P2 
transformations by the following replacements: 

^2^05, H^-H, C^G, xi^X2, Fi^F2. (4.9) 

The algebra of these residual transformations is: 

^f/] = Se"; e" = e'e —ee', 
[Se , Sa] = Sa'-, a' = -ea, 
l^e, Sp^] = 5f)^>] /32 = (1 - fc) ^2 e - e$2, 

[ 6, , ] = (5,3,; ; A5' = (1 + A:) /35 e - e/35, 
[^a, ^13^] = 5fj^i\ P2 = -a (52, 

['^0,^/35] = '^ft'; /^s' = a/35, 

[8,3, ,5^,] = Se' + Sa' + V; e' = y = -^(/?2/35 - - 2/f/32/?5, 

«' = —{02 /35 - (1 + A;) P2 h + ik- l)/35 '132) + 2(2 + k)(32 k H- 
-2(2 - k) H - 2/32/35(^r - 5H^ - kH), 

[5a , ^a'] = [5a , ^7] = i^Pi , ^/Ja' ] = t^A ' ^p^'] = [Sp, , S^] = [Sp^ , S^] = 0, 

(4.10) 
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where the 7 transformation is a trivial transformation, i.e. it is proportional to the 
equations of motion. It is explicitly given by 



5H = 5T = 5C = 5G = 0, 

SFi = -2j{Fi + HF^)-jFi- 7[L],, , 
,5^2 = -27(^2 - if F2) - 7 F2 - 7[L],., . 

Notice that wc have an open algebra with field-dependent structure functions. The 
non-closure of the present algebra is due to the introduction of equations of motion in 
the definition of the e transformation in terms of the original f3 transformations. 

Let us present the finite forms of previous infinitesimal transformations. The strat- 
egy is to perform the gauge- fixing on the finite Sp(2M) transformations as it was done 
in the case of sl(2) (see sect. 3). In appendix B we display the expressions of these finite 
transformations. Explicitly, we can find the following four sets of finite transformations: 

• Diff. sector: The residual finite diffeomorphisms are obtained by the following 
composition of finite transformations, {oj := ^3 -|- Pe): 



X 



/37 



□ 



where X stands for any variable. We can express /J/ and lo in terms of the Diff parameter 
f{t) obtaining the residual transformations: 



T 
H 

C 
G 



(9 



fHif) + lj 

p-kc{f) 



3P 
2/2 



matter variables 



auxiliary variables 



Xl 



/i('=-i)zi(/) 

/-|(fc+l)^2(/) 

/|(i-a^)Fi(/) 
/^(i+fc)F2(/). 



(4.11) 



•a-sector (dilatations): The finite transformations corresponding to the a-sector, 
{a := — Pe) are the same as before and after the gauge-fixing: 



T 


T 


H 


H 


C 


e-"C 


G 


e'^G 
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matter variables 



Xi 

X2 



auxiliary variable J 

\ F2 



62° Xl 



e 

1 

62 



X2 
F2- 



(4.12) 



•P2i= /32)-sector: The residual finite /?2 transformations are obtained by the fol- 
lowing composition of finite transformations: 



P9 



□ 



and are given by: 

r T 

C 
H 
G 



T + P2C + 2C (52-2^20 H- C2 
C 

H + \P2C 

G + 132 (\f -QH H + H -2HT + AH^'^ + 

+$2 (T-6H^ + 3h)+3(32H-^P2^^^ + 
+P2^ (bC H"^ -\CT -2C H -30 H + \C 
+(32$2 {^C-8Ch) +l$IC+ ^(32 (32 C+ 
+p2^ {2HC^ -CCj-2 p2^ 02 C2 + C3 



matter variables 



[ X2 



auxiliary variables 



Fi 
F2 



X1+P2 {±2 + Fi+2Hx2) - 1^2X2 + 1^2^ CX2 



X2 



Fi 

F2 



P2 (Fi - [L] 



Xl , 



y2Fi + ^f32^CFi. 



(4.13) 



•P5{= /35)-sector: Again, the residual finite /?5 transformations can be obtained 
from the P2 transformations with the replacements displayed above (|4.9|). 



Notice the appearance of the Schwarzian derivative in the Diff transformation of 
T . These transformations are actually finite symmetry transformations of the action, 
under which the Lagrangian changes by a total derivative term and the set of equations 
of motion remains invariant. The finite transformations parametrized by a, (32 and /?5 
are a parametrization of the specific W-transformations. One might expect, according 
to the algebra of the infinitesimal transformations, that the composition of P2 and P5 
transformations should give a finite Diff transformation but clearly this is not the case. 
In this sense, the above form of finite W-transformations is parametrized in a rather 
non-standard way. 
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We will comment on a secondary reduction^ of this model. When we further require 
H = on the gauge field matrix ( [4 .21 ) we get a system whose symmetry transformations 
realize a non-local algebra discussed by Bilal [^]. This is expected from the form of 
equation of motion ( [4. 41 ). Let us see how the residual symmetry satisfies a non-local 
algebra. The condition H = further requires 

SH = ^d{a + ke) + + G/Js) = 0. (4.14) 

If we solve it for a, assuming a suitable boundary condition, as 

(a + ke) = -d-\C(32 + G/35), (4.15) 

there remain three residual transformations. The fields C and G transform as weight 
2 primaries under Diff. They transform in a non-local way under P2 and (3^ transfor- 



mations due to (14.151) : 



6C = d-\(32C - P,G)C + + p,T - ^), 

5G = -d-\(32G - f3^G)G + (/Ja^ + /32T - ^), 

5T = + (5^G) + {(32C + (i^G). (4.16) 

They are equivalent to the non-local and non-linear algebra ¥2^2 discussed in fl^ . The 
matter fields are also transformed non-locally, 

fei = -\d-HG(32 + G(3^) XI + (32±2 - \x2^2 + 

5x2 = \d-\G(32 + G(3^) X2 + f3^±i - \xi^^ + P5F2, 
6F, = \d~\G(52 + G/35) Fi - /35 (^2 - [L]^,) - \kF2, 
m = -\d-\CP2 + GP5) F2 - (32 {Fi - [LU) - \(32Fi. (4.17) 

We can further impose the condition G = 1 in addition to -ff = 0. The residual 
algebra becomes local again, i.e. a and (3^ are solved in local forms. The resulting system 
is shown to have W(2,4) symmetry which will be discussed in the next subsection. 

systematic study of secondary reductions of W-algebras has been carried out in ref. 
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4.2 (1, 1) (principal) embedding 



The gauge-fixing induced by the principal sl(2) embedding ( A.25| ) in sp(4) is given 



by 



( 




10 









V3 \ 





V3 


\T 


10 ^ 








2 





/ 



(4.18) 



The two remnant fields are T and W . Here numerical factors are taken for convention. 



The action ( 2.1 j ) is given in this case by: 



5, 



pgf 



dt 



X\X2 



T 
10 



W 



12 



(4.19) 



The residual transformations are parametrized by e and /J, related to the remnant 
/? parameters in the following way: 

1 

dA fil' = =h^[\ 1-\a. n = 

20' 



1 3 _ 

e-—p + -T-pT 



100' 



(4.20) 



e parametrizes the diffeomorphism sector. T is a quasi-primary weight-two field and W 
is a primary weight-four field. The matter [xi) and auxiliary {Fi) fields are not primary 
fields. Indeed we can mix them to obtain a set of primary fields (xj and Fi): 



x\ = Xi, 



X2 = X2 + 



1 



^1 = ^1 + 1573^^2' 



20^3" 2v^^l' 
= -^2- 



The action (4.19) then becomes (neglecting total derivative terms): 



5, 



pgf 



dt 



— Tx? 

30 ^ 12 



ii - Y^r^i j + -^x\ + xl- V3F1F2 



Notice that this action is of a higher order in xi. Its equation of motion is 



Txi — Txi 



W + —T-—T^ xi = 0. 



(4.21) 



(4.22) 



(4.23) 



10 100 

On the other hand, the matter variable X2 decouples and disappears on-shell. There 
are the same number of physical degrees of freedom as in ( |4.19|) . It has the following 
two residual symmetries (up to equations of motion): 

•e-sector (Diff). 

ST = ef + 2eT - 5e , 5W = eW + 4eW, 



6x1 = exi xie, 6x2 



1 

ex2 + -X2e, 



SFi = eFi + ^Fie, 5F2 = eF2 + ^F2e. 



(4.24) 
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•p-sector, 



5T = 3pW + ApW, 



+p (iTW 



125 



TT 



59 
100 



25- 



177 rprp 

500 ^ 



39 
250 



10 ' 



25 



5' 
(5X9 



0, 



<5Fi = 0, 



5F2 = 0. 



(4.25) 



They show that T and W transform according to the infinitesimal transformations 
induced by the classical W(2,4) algebra. Thus the action ( 4.22| ) provides a particle 
model in which the yV(2,4) symmetry is implemented. 



We will show how the matrix of gauge fields ( |4.18| ) can be transformed into the form 
corresponding to the (0,1) embedding ( |4.2| ) with H = and G = 1. This is achieved 
by performing finite Sp(4) transformations shown in Appendix B. First we make a Bp 
transformation with 



75 » 



-1 
5v^ 



T V2, 



in order to set the A submatrix in the form A' 
transformation with 



Next we realize a C, 



/3 



IT 







After these gauge transformations the form of the matrix of gauge fields becomes 



A" 









V 






It 

1 



1\ 




0/ 



(4.26) 



This shows the equivalence of the ( 4.19| ) system and that given by the action ( |4.3| ) with 
H = 0, G = 1. After the secondary reduction the weight 4 field C is no longer primary 
but is given in terms of the weight 4 primary field W and the weight 2 quasi-primary 



field T as shown in (4.26) 



4.3 (1/2,0) embedding 
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The gauge- fixing induced by this embedding ( A.23| ) has six remnant fields, namely 
T, B, C, Di, D2 and D3 and is given by 



The action (|2.1| ) becomes: 



/ 

B 

T 
2 



1 \ 

-Di D3 

C -B 

D2 Di J 



(4.27) 



'pgf 



dt 



2^2 



1 



3.2 2 / 

+ — ^ + — D1X2X2 - BxiX2 - BD1X1X2 + ^D(x2 ) + 



B^x 



1 



+ + ttTx? + 2CxiX2 + 2?2xi - - L»3i^| 



(4.28) 



L>3 2' 

A characteristic feature of this embedding is that the primary field D3 appears in 
denominators. The equations of motion for xi and X2 are: 



Q 



d2 I Bf. I It 

"SF Da 2-^ 



B d , ^ 



D3 



+ 



B 
Di 



BD3 



Q 



J_ d2 

D3 dF 



X2 



(4.29) 



D3 di + 



+ 



:23 d + + :S 



pa 



^1 + 



D1D3 



There are six residual transformations parametrized by e = /32, /?4, /^s, (3g and 
/?io, which are (up to equations of motion): 
•e-sector (Diff). 

6B = eB + {^-k)iB, 6C = eC + {^ + k)eC, 
6D2 = eD2 + (1 + 2k)eD2, 6D3 = eD^ + (1 - 2k)eD3, 



6T = eT + 2eT - e , 
6D1 = ebi + eDi + k'i, 



\xie, 



•/34-Sector. 



Jxi = exi 
is the arbitrary constant. 



5x2 -■ 
5F2 



ex2 - kx2e, 
: eF2 + kF2e; 



(4.30) 



6D1 

5xi 



6T = 0, 6B = 0, (5C7 = -f3iB, 

: -/54l)3, (^1)2 = 2PiD, - /34, <5D3 

0, 6x2 = 0, (5Fi = 0, 5F2 



0, 
0. 



(4.31) 



•/^s-sector. 



5r = 0, = /35C, 6C = 0, 

5Z)i = -P5D2, 6D2 = 0, (51)3 = 2/35Z?i + /35, 

(5X1 = 0, 6X2 = P5(.^{X2 + D1X2 - Bxi) + F2), 

6F1 = 0, 6F2 = -i-AF2 - §-{F2 + D1F2 - [Lh). 
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•/^e-sector (dilatations). 



5T = 0, 5B = PgB, SC = -PeC, 
5Di = -I3g, 6D2 = -2P6D2, SD3 = 2PeDs, 
Sxi = 0, 6x2 = P6X2, SFi = 0, 6F2 = -PeF2. (4.32) 



»/?9-sector. 



5T = Psi-iBDi + 4CL>3 + 25) + 6^9^, SB = -pgD^ - 2PgDs, 
SC = Pg{Dl + D2D3 -\T- Di) - 2PqDi + /39, 
5Di = PgB, 6D2 = -2PgC, 6D3 = 0, 
Sxi = PgX2, 5x2 = -PgD^xi, 5Fi = PgD^F2, 5F2 = -PgFi. (4.33) 

•/3io-sector. 



5T = Pio{4BD2 + iCDi + 2C) + GpwC, 
6B = -pio{Dl + 1^2 1^3 -\T + bi) - 2PioDi - pio, 6C = Ao-Da + 2/3io£'2, 

6D1 = -pioC, 6D2 = 0, SDs = -2pioB, 
Sxi = Pio{^{x2 + D1X2 - Bxi) + F2), 5x2 = Pio{xi - Dixi + Fi) - PiqXi, 
SFi = -Pio{F2-D-lF2-[L]2), 
6F2 = -/3io§ - ^(A + DiFi - BF2 - [L]i). (4.34) 

The three Di fields are the generators of the Pe, P5 and P4 gauge transformations. 
These transformations close between themselves for the fields forming a sl(2) Kac- 
Moody algebra. 

5 Sl(3) models 

The W{2, 4, . . . , 2M) gauge transformations can be obtained by considering the 
principal sl(2) embedding in a general sp(2M) algebra. It is also possible to construct 
particlc-likc models having symmetries related to other W algebras. If we want to 
obtain models related to the ^tv-i series (for instance, the Wat algebras) we have 
to look for embeddings of the s^A'") algebras in the symplectic algebras. There is a 
canonical embedding, namely, 

sl(A^)©u(l) Csp(2iV). (5.1) 
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Explicitly, the set of matrices of the form 







(5.2) 



are a subalgebra of sp(2A^) isomorphic to sl(A^)© u(l). We may construct the particle 
model taking this specific form of the gauge fields matrix but we cannot follow the 
procedure outlined in section 3 because A = so eq. is no longer valid to eliminate 

the p variables through their equations of motion. Indeed, when we put all the momenta 
on-shell, we obtain a null Lagrangian. 

However we can deal with other embeddings and obtain particle-like actions. For 
example, let us consider a canonical action (^.iD with M = 3 taking A as: 



A 



/ 


At 











Ai 


A3 


\ 







A7 — As 


A5 


Ai 















A2 


As 


A3 















A4 


As 


-A7 












A4 











As — A7 


-A2 




V 


Ae 











-As 


-As 


/ 



(5.3) 



We are considering only a part of the (j)Aij constraints (see appendix A). They still 
close under Poisson bracket giving a realization of the sl(3) algebra (we then have a 
sl(3) subalgebra of sp(6)). The gauge transformations still are ( ^ ) and ( |2.7| ) with the 
following (3 matrix: 



/3 



in sl(3)): 



/ (3^ 








Pi 


Ps \ 


/37-/38 


/35 










132 


/?8 


/33 








/34 


/?6 


-Pi 








/34 








-Pi + Ps 


-P2 


V /36 








-/35 


-Ps J 


the following [ 


jauge- 


-fixinj 


z, (induced by the p 


Ai = A2 


= 1, 




A3 — A7 — 


As = 0, 


A4 = 


A5 = 


It 

2-^ ' 


A6 = 


W. 



P + eA. 



(5.4) 



(5.5) 



Again we cannot use ( 2.11| ) because det A = but we can get a (higher order) particle- 
like Lagrangian once we eliminate the momenta variables: 



Pgf 



dt 



^ {X1X3 - X1X3) - {xiX3 - X1X3) - WX1X3 



(5.6) 
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The equations of motion for the Xi variables are: 

[LU = X3 - TX3 -{W + ^f)x2, 

[Lls = -^i + Txi + {-W + ^f)xi. (5.7) 

They are two copies of the DS equation for W3. 

This action exhibits a (classical) W3 symmetry, being the remnant parameters e 
and p = Ps: 



•e-sector (Diff). 



(5r = eT + 2eT - 2 e , 
SW = eW + 3eW, 
Sxi = ex\ — exi, 

(5X3 = ~ £3^3. (5i 



•p-sector. 



5T = 2pW + 3pW, 

sw = - 5pr - Ipf + p (-|f + |r2) + p (-^T + frr) , 

(5x3 = 5 (gPa^s - pa^s + 2px3 - IpTxs) . (5.9) 

We can also present a model exhibiting the symmetry associated with the W-algebra 
generated through the only non-principal sl(2) embedding into sl(3), namely VV3. By 
performing the following gauge-fixing: 

Ai = A2 = 0, A3 = -1, 

X4 = B, A5 = C, A6 = -r, X^ = -Xs = H, (5.10) 

we obtain the following action: 

S'pgf = / dt^ [HxiX2 - X1X2 + (i? + g) X1X2 + 2 (ii - ^ + X1X2 
- (r + ^ + xiX2 + 2h(t-H+^-H'^') X1X2 + BCxiX2-] . (5.11) 

The equations of motion for xi and X2 provide DS equations for W3: 

X2 - + -3H-3H^ -T-^ + ^)x2 + 

+ + 4^ + 2^ _ 4|C! _ QHH-2H^ + 2HT + BC-2H) X2 = 0,(5.12) 

xi - §xi + -3H- 3H^ - r) xi + 

+ -^ + 2H^ - 2HT -BC-ii -f + ^^xi = 0. (5.13) 
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The previous action exhibits W3 symmetry: 
•e-sector (DifF). 

SH = eH + He + ke, 

ST = ef + 2eT- ^e, 
SB = eB + {l- 3k)Be, 
SC = eC + {^ + 3k)Ce, 
Sxi = ex\ + {k — \)x\e, 
5x2 = + 2kx2e. 

•a{= — |/35)-sector. 

SH = a, 5T = 0, 5B = -3aB, 6C = 3aC, 

6x1 = axi, 5x2 = 2ax2. (5-14) 

*Pi{= ,52)-sector. 

5H = \BP2, 5T = P2{\B-3BH) + lP2B, 5B = 0, 
5C = /32(9iJ2 -3H-T)- 6P2H + p2, 
5x1 = 02 {^{H'^ -T- H)xi - ^xi + xi) , 

5x2 = § ((8//2 - 2^ + 2ij)x2 + (g - 2H)x2 - X2) +§ix2- 2HX2). (5.15) 
•(3q{= /36)-sector. 

5H = -\Cf3Q, 5T = pei^C + 3CH) + f/jeC, 5C = 0, 
5B = Pe{T - 9H^ - 3H) - 6PeH - pe, 

5x1 = 0, 5x2 = 0. (5.16) 

6 Conclusions 

We have introduced a particle mechanics model in phase space which can be recast 
as a one-dimensional Sp(2M) gauge theory. Different partial gauge-fixings of this model 
by sl(2) embeddings in sp(2M) yield reduced theories in which the remnant Lagrange 

multiplier variables correspond to generators of classical W-algebras associated with 
the Cn simple Lie algebras. We have also shown how to obtain models invariant under 
W-algebras related to other series, such as the Aji. 

In relation with the issue of finite W-transformations, the simplest reduced theory, 
with VV2 symmetry, has only one remnant Lagrange multiplier which transforms as a 
weight-two quasi-primary field. In this case, the finite form of its symmetry transfor- 
mations is easily obtained by using the finite transformations of the sp(2) model and 
restricting them to those satisfying the gauge-fixing condition. 
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Application of this procedure to the model associated with the (0, 1) sl(2) em- 
bedding in sp(4) yields finite symmetry transformations of its action. These finite 
transformations are perfectly acceptable as a parametrization of the gauge freedom of 
the system and they are actually useful for building the general solution of the model. 
However they cannot be regarded as standard finite W-diffeomorphism transforma- 
tions because their composition does not give ordinary diffeomorphisms. In order to 
obtain the expected form of finite W-diffeomorphism transformations one might intro- 
duce a non-linear change of infinitesimal gauge parameters before the gauge-fixing by 
modifying the Yang-Mills transformations in a similar way as it was done to extract 
the ordinary diffeomorphism. Indeed, other approaches |18, |l^] seem to point in the 
direction of treating all W-transformations as Diff of an extended space. 

We have also shown a derivation of a non-local algebra in the course of a secondary 
reduction of the Sp(4) model. This secondary reduction does not come from a sl(2) em- 
bedding in sp(4) because the non-remnant gauge parameter is not solved algebraically. 
However the non-local algebra |13| appears in the dynamical context. It may be in- 
teresting to study various non-local algebras arising from the secondary reductions of 
Sp(2M) models. 
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A Zero-curvature condition and W-transformations 



In this appendix we review the 'soldering' procedure to construct classical chiral 
W-transformations § and its relation with the zero-curvature approach and sl(2,i?)- 
embedding technique ||9|, [ll|, 10 1. 

Let A(t) be a Lie-algebra valued field transforming 

(5A = /3- [A,/3]. (A.l) 
This can be regarded as a zero-curvature condition: 

[S-P,dt-A] = (A.2) 
Let us now consider a partial gauge-fixing on the matrix of Lagrange multipliers A(t): 

A = M + W, (A.3) 



23 



where M is a non-zero constant element of Q and W = W^T^. The Lie algebra elements 
span Qy/, a subspace of ^ (6 = 1, . . . , dimity < dim^) and are the remnant 
fields living in Qyi/. We are looking for residual gauge transformations ( |2.8| ) preserving 
the partial gauge- fixing ( |A.3| ). The zero-curvature condition is now the gauge-slice 
conservation condition: 

[M, f3]+6W = [W, 13] . (A.4) 

The possible partial gauge-fixings, i.e. the choices of M and W , are restricted once we 
impose the following two requirements: 

• We want to express a subset of the gauge parameters /?" as a function of another 
subset (remnant parameters) and the remnant fields in a purely algebraic 
way. 

• The residual transformations should include a diffeomorphism (Virasoro) sector 
in such a way that we could identify a weight- two quasi-primary field to it. 

The first requirement is algebraically equivalent to the condition of the total set of 
constraints being second-class in the Kac-Moody Hamiltonian reduction. Both require- 
ments are satisfied if the partial gauge-fixing ( A. 3 ) is induced by a sl(2,i?) embedding 

20 1, 5, of the original Lie algebra Q, 

M = E+, Gw = ker ad£;_, (A.5) 

where E^, and h are the defining elements of the sl(2, R) embedding: 

[h,E±\=±E±, [E+,E^]=h. (A.6) 

The mapping adS given by ad5 : a — > ada where a £ S and 

ada : Q — > Q 

9 — '[a,g], aeG, 

is a representation of 5 on ^. This representation is completely reducible so G (as a 
vector space) decomposes to a direct sum of invariant subspaces of spin j (integer or 
half- integer) and multiplicity Uj (branching): 

j 

^ = EE+^f' ^f=E+^]t E-.(2J + I) = dima. (A.7) 

j>0 i=l m=—j j>0 

(i) 

The Qj ^ are one-dimensional eigenspaces of adh with eigenvalue m. A spin 1 subspace 
is always present in the branching, namely, S itself (denoted by Gi). They define a 
gradation of Q : 

( ^ 

if m is an eigenvalue of adh 
otherwise 

Q = Yj'm+ Qm, Gm.,Gn C Qm+n- (A. 8) 
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According to (A.5), every remnant field lives in Qfn=—j B-iid. there circ 



N{S) = Y,nj (A.9) 
i>o 

such fields. 

The presence of this gradation ensures that the first requirement is satisfied. Indeed, 
remnant parameters live in kerad£'+, i.e. in Qm=j- Restrictions of the zero-curvature 
condition (A.4) to subspaces Gj allow us to express in an algebraic way parameters 
living in Gj-i as functions of parameters living in Qj (and fields) because M lives in Gi. 
So, as we go down on the spectrum of m's, we have an algebraic algorithm to express 
all the gauge parameters as functions of those living in ker ad-E+ and fields. Finally, 
restrictions of ( [A.4| ) to subspaces Qm=-j give the transformations of the remnant fields, 
6WK 

The existence of a Virasoro sector can be shown by performing a decomposition of 
parameters: /3 — > /?, e. Consider the following change: 

[3 = i3 + eA + eH, (A.IO) 

where H = J2a ^aHa is a general element of the Cartan subalgebra 7i of with con- 
stant coefficients and (3 = (c = 1, . . . ,dim^ — 1). With this change Virasoro 
transformations appear both before and after the gauge-fixing. However, the transfor- 
mation laws of the remnant fields after the gauge-fixing are generally different from the 
original ones. 

In order to examine the Virasoro transformations of the gauge field A, we decompose 
it as 

7 a 

where {E^,Ha} form a Cartan- Weyl basis of the Lie algebra G. The zero-curvature 
condition together with the definition ( A.lOj ) produces the following Virasoro transfor- 



mations before the gauge-fixing: 

6A^ = eA^ + (l + ^(Q,7)fe„)eA^, 

a 

SA" = eA" + eA° + fc^e. (A.ll) 

Notice that the fields living on the Cartan subalgebra (indices a) transform as weight- 
one tensors, generally with an inhomogeneous extension term. Instead the fields living 
in the root spaces (indices 7) transform as tensors of weight 1 -|- X]a('^)7)^a- Had we 
considered a change of parameters ( A.10| ) without the eH term then all fields would 



have transformed as weight-one tensors. This is equivalent to taking the usual Sug- 
awara energy-momentum tensor as the generator of the Virasoro transformations in 
the Kac-Moody Hamiltonian reduction framework. Then the addition of the eH term 
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in (A. 10) corresponds to changing the reahzation of the Virasoro group by considering 



an improved Sugawara energy-momentum tensor as the generator. 

The transformations generated by e remain to be Virasoro transformations after 
the gauge-fixing procedure. Indeed, the parameter e Uves in the subspace generated by 

so it is one of remnant parameter (we can take the T^' Lie algebra elements as the 
generators of all the G^ln subspaces except the one of Gi,i, i-e. The zero-curvature 

condition ( |A.4 ) after the gauge- fixing reads: 



[mJ] = (3-5W-[Wj] + eW + e{M + W) + eH + e[H,M + W]. (A.12) 
To solve the zero-curvature condition we have to expand H and W as follows: 

H = koh + Y,hHi + J2kaH^, (A.13) 

i c 
tap 

In the expansion of H, h is the sl(2)-embedding element, {Hi} span G\y n TC and {H^^} 
form a basis of the rest TC. In the expansion of W, are the fields living in TC, 
are the fields living in Qq but not in TC and are the rest of remnant fields. The 
following relations hold: 

[Ke.p\ = -j(p)ep, [/i,ea]=0, 

One can study the propagation of the parameter e through the equations imposed 
by the zero-curvature condition at each level in the gradation of Q. The result of this 
analysis is: 

P = -{1 + ko)eh- ek^Ha - eE^ + (terms without e). (A. 14) 

Once we introduce (A. 14) in (A.12) we get the residual infinitesimal transformations 



of the remnant fields, 6W, under the e sector. There are some cancellations due to the 
presence of the term eH which cut off the propagation of the ko and k^ parameters. 
Hence the only surviving arbitrariness comes from the ki parameters. The result is 
summarized as: 

• The field T living in the subspace generated by E^ , which is one of the Cp gener- 
ators, transforms as a quasi-primary field of weight two: 

6T = et + 2eT - e. (A.15) 

• Fields living in the subspace spanned by Hi, W^, transform as weight-one fields 
plus a term e: 

SW' = eW' + eW' + he, {i = 1, . . . ,dimTC n Gw)- (A.16) 
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• The rest of remnant fields living in Q^^_,j, W and TV", are primary fields: 

5W'" = eW^"+ |^l + ^feir,(„)jeVr°. (A.17) 

In general, the field living in Q^^_j has weight 1 + j apart from possible shifts, 
which exist in case the subspace 7i n Qw is non-trivial. The following relation holds: 

^weights ■=Y,nj{l +3) = \ {diuig + N{g)) . (A. 18) 

There is no explicit general formula for the transformations generated by the other 
remnant parameters. They are precisely specific chiral W-transformations because we 
have a set of infinitesimal transformations with closed algebra and containing a Virasoro 
sector with the weight-two quasi-primary field T. 

A.l Inequivalent sl(2,i?) embeddings 

It is useful to separate the set of all possible sl(2, R) embeddings in Q into classes of 
equivalent embeddings. Two embeddings Si and ^2 are said to be equivalents if there 
exists an automorphism of Q mapping Si onto 52- There will be as many admissible 



gauge-fixings (1A.3D as classes of equivalent sl(2,i?) embeddings. 

Given a canonical decomposition of Q (i.e. given a Cartan subalgebra of TC, a 
set of positive roots, A+, and a set of simple roots, 11), 

a = E + + ^ + E + 

and a sl(2, R) embedding in Q, S, we can always choose a member of the same class of 
equivalence of S such that: 

hen, i.e. h = Hs where S = cpl3, (A.20) 

/3en 

E±=Y e±7' e g^, = {7 G A+ I (7, 6) = 1} ; (A.21) 

S is the defining vector of such an embedding. Let us consider the Dynkin diagram 
of g. We construct the characteristic of this sl{2,R) embedding by writing down the 
number 6) under the dot of the Dynkin which represents the root (3 for each (3 gU. 
Two important results follow |21, p2|: 



Two sl(2, R) embeddings are equivalent if and only if their characteristics coincide. 
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• If a characteristic is associated with a sl(2, R) embedding then it exhibits numbers 
of the set |o, 

It can be shown that the potential characteristic which exhibits a 1 under every dot 
always gives rise to a sl(2, i?) embedding, which is known as the principal sl(2, i?) 
embedding. 

As an example we present here the case Q = sp(4, i?). The Dynkin diagram, nor- 
malizations and positive roots set for sp(4, R) are: 

a P 

OK) 



(a, a) = 



There are only three classes of non-equivalent sl(2, R) embeddings. Their charac- 
teristics are: 

a f3 a f5 a j3 

i 1 11 

2 

Our matrix conventions for the generators of sp(4, R) are: 



12 




-1 






1 

yT2 



( 1 





/ 




y 

/ 





\ 



-1 

1 

\ 




oy 

o\ 
1 





1 



E. 



E. 



2a+l3 



1 

VT2 



1 





/ 1 \ 
10 






/ 





y 

1 o\ 









Ha 



E. 



E^f,= 



1 



1 

V6 



/ 

10 



-1 

/ 

10 



\ 

/ 



/ 

\ 



-1 

) 
\ 



E_ 



E. 



-(2a+/3) 



1 

VT2 



1 

V6 







10 

/ \ 



10 

1 ^ 

\ 







V 

/ 


1 
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Here we display a representative of every class of equivalent embeddings and the 
corresponding branchings: 

• (0, 1) embedding: 

h = 6H^ + mp E± = V6S±(„+/3) 

g = + ) + ) + g. 

Go = {Ha). (A.22) 



|,0) embedding: 



h = QHa + SHi3 E± = \/3£^±(2o+/3) 

2 2 

2 2 

= Gi,'^ = {E_^) G^i^ = {H_p). (A.23) 

• (1, 1) (principal) embedding: 

h = 18Ha + 12Hp E± = V^E±a + V^E^p 

G = Gi+Gi 

Gs = {E2a+P, Ea+fS, V^Ef) — V^Ea, Ha — Hj3, ^/SE^p — V2E_a, 

E-{a+0),E_(2a+f3))- (A.24) 

Wc consider another element of this conjugacy class because the previous one 
produces a gauge fixing such that there is no gauge-fixed Lagrangian in terms of 
coordinates and velocities: 

h = 18Ha + 6Hp E± = \/l8E±(„+^) + Vl2E^p 

G = Gi+G3 

Gs = {E2a+i3, Ea, V^E_i3 - \/2Sq:+^, Ha + ^Hp, ^/2>Ej3 - \/2E_(^a+P)^ 

E-a,E_(^2a+f3))- (A.25) 

For completeness we also present here a representative of each of the two classes of 
equivalent sl(2, i?) embeddings in sl(3,i?): 

a (5 

o — o 

(a,a) = (A^) = ^ {a,P) = -^, A+ = {a, a + ^} . 
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principal (1, 1) embedding: 



h = + QHp E± = V6E±a + VQE±f3 

Q = Qi+Q2 

Q2 = {Ea+p, Ep — Ea, Ha — Hp, E^a — E_p, E_(^a+f3)) (A. 26) 



non-principal {\,\) embedding: 



h = 3Ha + 3Hp E± = V^E± 

g = gi + al'^ + gf^ + go 



g^i^ — {Ea,E_p) g^l^ — {Ep,E-a) go — {Ha — Hp). 

2 2 

The sl(3,i?) subalgebra of sp(6, i?) that we have considered in sect. 5 is realized by 
taking the following subset of the (j)Aij quadratic constraints in the M = 3 case: 

Ea = -^PlP2, Ep = ■^P3X2, Ea+p = -^Pm, 

E-a = -^XiX2, E^p = -^V2X-i, E_(^a+P) = Tg^^iXs, 

Ha = liP2X2 +PlXi), Hp = 1{P3X3 -P2X2). 



B Diffeomorphism invariance and finite transformations 
of the Sp(2M) model 



Here we show first the invariance of the Sp(2M) model under ordinary diffeo- 
morphism transformations, along the lines of Appendix A. We shall later present the 
model's gauge symmetry transformations in their finite form. 

According to Appendix A we can perform the change of parameters ( [A. 10 ) with 
H = kaiHai, where are the simple roots of sp(2M, i?) and A;q- are constants. 
When ^=sp(2M, R) then H is the diagonalized matrix: 



H 







N 



1 



4(M + 1) 



k — k 



V 



(B.l) 



30 



where om is the longest root. 

As stated in appendix A (see ( A. 11] )), the Lagrange muhiphers transform as primary 



fields with, eventually, e terms under the e sector infinitesimal transformations. For 
the matter and auxiliary variables, this change of parameters produces the following 
infinitesimal transformations: 

5^r = er + eNr + eAF, 

5,F = -eF - e{F + NF) + e (^A-^BAF - A~^AF - F - K - K - Cr) . 

These transformations are equivalent to diffeomorphism transformations. In order to 
show this let us introduce an antisymmetric combination of the equations of motion: 



where 



and M{t, t') 



6,q'{t) = 6q'{t)+Jdt'M'Ht,t')[L]g,it'), 

' = Xi (i = l,...,M) 
= F, (i = Af + 1,...,2M) 

/ e{t)6{t - t')I \ 

\ -e{t)6{t-t')I M{t,t') ) ' 

M{t,t') = -e{t) [b^ {t)A~^t) - A-\t)B{t)) 6{t-t') + 

eit')A-\t')ir6{t - f) - eit)A-\t)iS{t - t'). (B.2) 

It can be shown that 

M^{t',t) = -M{t,t'); 
so 6e is a symmetry transformation of the action too and 

§^r = er + eNr, 6^F = eF - eNF, (B.3) 

which are diffeomorphism transformations for the matter and auxiliary variables. They 
transform as primary fields. 

In summary, the infinitesimal gauge transformations of the Sp(2M) model before 
the gauge-fixing are: 

• Diffeomorphism transformations: 

SA-r = ek^ + (1 + l)~ka)eA\ 5A" = eA" + eA" + ~Ke, 

6^r = er + eNr, d^F = eF - eNF, 

• Yang-Mills type transformations: 

5A = /I - [A, 5r = Pa{K + F) + pgr, 



6F 



Pa{K + F)+ PaB^K + pACr - BPaF + 
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where: 



■y a \ 



B A \ Pb Pa 

-C -B^ r ^ \-Pc -Pi 



After performing the gauge-fixing, Lagrange multiphers still transform as primary 
or quasi-primary fields (see appendix A) whereas matter and auxiliary fields do not 
have, in general, a nice behavior under Diff transformations. For instance, if the E- 
element of the sl(2, R) embedding is taken to live in the ^4 or i? sectors of a general 
sp(2M, R) matrix, then non-desired e terms appear in the residual e transformations 
coming from the algorithm described in appendix A (see ( A.14| )) through the 13a or 



j3B factors of ( p.l5 ) and (2.16). In any case, the only undetermined constants that 



remain in the infinitesimal transformations after the gauge-fixing from those in the 
( [A.13| ) decomposition of H are the constants ki as in the residual transformations for 
the Lagrange multipliers. 



Finite transformations^ can be obtained by exponentiating the infinitesimal ones as 
X*' = expl^^FajX*, where the generators Fq = i?^^^ satisfy [Fq,,F/3] = /J/jF^ and 
X* represents any of the variables. The coefficients /^^ are the structure functions of 
the sp(2M) gauge algebra. 

It is useful to perform the integration using the matrix notation. The explicit 
form of the finite gauge transformations is considered in the following four sets of 
transformations. Any finite transformations may be obtained by the composition of 
them. 

• The diffeomorphism transformations: 

A'^(t) = /(t)i+i:.("'^)^'^A^(/(t)), A'"(t) = /(t)A"(/(t)) + 

r'iit) = f{t)^^^rif{t)), Fl{t) = f{tr^^^F{f{t)), i = l,...,M. (B.4) 



where = (Nij) is the diagonalized constant matrix given in eq. ( [B.lD . 

• Transformations generated by Pa- 

A' = A + {Pa- PaB^ - BPa} + PaCPa, B' = B- PaC, C = c, 
r = rVPAiK^F), F' = A''^ [aF - PA{dt{K + F) + B^ {K + F) + Cr}] . (B.5) 

• Transformations generated by Pb- 

A' = e^^Ae^B^ B' = e^^ {B - dt)e-'^^ , C' = e-'^lCe-'^^ , 



For a recent discussion on finite gauge transformations see 
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r' = e^sr, F' = e-f^BF. (B.6) 

• Transformations generated by f3c'- 

A' = A, r' = r, F' = F, 

B' = B + Af3c, C = C + {l3c + PcB + B^Pc} + PcAPc. (B.7) 

References 

[1] A.B. Zamolodchikov, Theor. Math. Phys. 63 (1985), 1205. 

[2] L. Feher, L. O'Raifeartaigh, P. Ruelle, I. Tsutsui and A. Wipe, Phys. 
Rep. 222 (1992), 1. 

[3] P. BOUWKNEGT AND K. SCHOUTENS, Phys. Rep. 223 (1993), 183. 

[4] V. Drinfel'd and V. Sokolov, J. Sov. Math. 30 (1984), 1975. 

[5] J. Balog, L. Feher, P. Forgacs, L. O'Raifeartaigh and A. Wipe, Ann. 
of Phys. (N.Y.) 203 (1990), 76. 

[6] F.A. Bais, T. Tjin and P. van Driel, Nud. Phys. B357 (1991), 632. 

[7] J.M. Figueroa-O'Farrill, Nud. Phys. B343 (1990), 450. 

[8] A.M. POLYAKOV, Int. J. Mod. Phys. A5 (1990), 833. 

[9] A. BiLAL, V.V. FOCK and I.I. KOGAN, Nud. Phys. B359 (1991), 635. 

[10] A. Das, W.-J. Huang and S. Roy, Int. J. Mod. Phys. A7 (1992), 3447. 

[11] J. DE Boer and J. Goeree, Nud. Phys. B401 (1993), 369. 

[12] J. GOMis, J. Herrero, K. Kamimura and J. ROCA, Prog. Theor. Phys. 91 
(1994), 413. 

[13] A. BiLAL, Lett. Math. Phys. 32 (1994), 103; "Non-Local Matrix Generalizations of 
VF- Algebras" , Princeton preprint PUPT-1452 (1994), [hep-th/9403197| , Comniun. 
Math. Phys., to appear. 

[14] K. Kamimura, Prog. Theor. Phys. 70 (1983), 1692. 

[15] K.M. Apfeldorf and J. Gomis, Nud. Phys. B411 (1994), 745. 

[16] R. Marnelius, Phys. Rev. D20 (1979), 2091 



33 



[17] F. Delduc, L. Frappat, E. Ragoucy and p. Sorba, Phys. Lett. 335B (1994), 
151 

[18] J.-L. Gervais and Y. Matsuo, Phys. Lett. 274B (1992), 309; Commun. Math. 
Phys. 152 (1993), 317. 

[19] J. GoMis, J. Herrero, K. Kamimura and J. RocA, Phys. Lett. 339B (1994), 
59 

[20] L. Feher, L. O'Raifeartaigh, P. Ruelle and I. Tsutsui, Commun. Math. 
Phys. 162 (1994), 399. 

[21] E. Dynkin, Amer. Math. Soc. Transl. 6(2) (1957), 111. 

[22] L. Frappat, E. Ragoucy and P. Sorba, Commun. Math. Phys. 157 (1993), 
499. 

[23] X. Gracia, J.M. Pons and J. Roca, Int. J. Mod. Phys. A9 (1994), 5001 



34 



